Abstract This paper is a contribution to the classification of flag-transitive 4-(v, k, λ) designs. Let D be a nontrivial 4-(q + 1, k, 5) design with the automorphism simple group G = P SL(2, q) acting flag-transitively. Then up to isomorphism D is a unique 4-(9, 8, 5) design with G B = E 8 ⋊ C 7 or a unique 4-(24, 8, 5) design with G B = D 8 .
Introduction
A t-(v, k, λ) design D is an incidence structure (P, B) where P is a set of v points and B is a collection of b distinct k-subsets of P (blocks) such that any t distinct points of P are incident with exactly λ blocks. The design D is called nontrivial if t < k < v. Two designs D 1 and D 2 are called isomorphism if there exists a bijection from D 1 onto D 2 which maps points onto points and blocks onto blocks preserving the incidence relation.
An automorphism of D = (P, B) is a permutation of P that also permutes B and preserves the incidence relation. An automorphism group G of a design D is a group consisting of some automorphisms of D. A flag of D is an incident pair (α, B) with α ∈ B. We call a design D point-primitive if G acts primitively on P, block-transitive if it acts transitively on B, flagtransitive if it acts transitively on the set of flags. Let G B be the setwise stabilizer of a block B ∈ B. It is easily known that G acts flag-transitively on D if and only if G acts block-transitively on D and G B acts transitively on B.
The simple group P SL(2, q) as an automorphism group of a design is of interest. For flag-transitive 2-designs, many results have been got. In 1986, Delandtsheer [1] classified finite linear spaces. In 2016, Alavi, Bayat and Daneshkhah [2] gave a complete classification of symmetric designs with the socle of the automorphism group is two dimensional special projective linear groups. In 2018, Zhan and Zhou [3] determined all nonsymmetric designs with (r, λ) = 1. In 2019, Zhan, Ding and Bai [4] gave a classification of flag-transitive 2-(v, 4, λ) designs. For 3-designs, there are also many results given in [5, 6, 7, 8] . After Dai and Li [9, 10] classified flag-transitive 4-designs with λ = 3 or 4, we continue this work, and get the following results: 
Preliminaries
The following lemmas are about the subgroups of P SL(2, q), which are listed in [11, 12] , where N l denotes the number of orbits of length l. , unless c = 2, in which case N 2 = 3 and Next we give some useful results. The notations n and G xB denote gcd (2, q − 1) and G x ∩ G B respectively, where x ∈ B.
Lemma 2.10. Let D be a 4-(q + 1, k, 5 ) design, G = P SL(2, q) be a flagtransitive automorphism group of D.
Proof. Since G acts flag-transitively, then by [13] G is also 2-transitive, therefore, G is point-primitive. Thus |G| = |G xB ||(x, B) G | = |G xB |bk.
And by [14] , b =
Obviously (i) and (ii) hold. Note that k | |G B | and |G B | | |G|, (iii) holds.
3 Proof of Theorem 1.1
In this section, we assume that D is a nontrivial flag-transitive 4-(q +1, k, 5) design, G = P SL(2, q) is an automorphism group of D, where q = p f ≥ 4 and p is a prime. Since the design is nontrivial, we always assume that 4 < k < q + 1. 
Note that k is a prime power and k > max(4, 2i + 1), for every value of i, we get possible parameters of (n, i, k) are (1, 1, 8), (1, 1, 16 ), (1, 9, 32), (1, 9, 64), (2, 1, 13), (2, 3, 19), (2, 4, 11), (2, 5, 25), (2, 7, 31), (2, 9, 37), (2, 11, 43), (2, 13, 49), (2, 17, 61) or (2, 19, 67) . Now from Lemma 2.10(ii) q = (k−1)(k−2)(k−3) 5n|GxB | + 2, we get (i, k, |G xB |, q) = (1, 8, 7, 8) or (1, 13, 12, 13 ). (12, 1, 101) .
Assume that |G xB | = 1. If q is even, then k | gcd(q(q 2 − 1), 5q − 4), we get k | 36. Thus k = 6, 9, 12, 18 or 36. However, there is no even prime power q satisfying q =
The values of (k, q) satisfying
+ 2 are (8, 23) or (12, 101) . By Lemmas 2.1-2.9, G B is conjugate to the dihedral group D 8 or A 4 respectively.
Assume that |G xB | = 2. If q is even, then k | gcd(q(q 2 − 1), 10q − 14), therefore, k | 6. Thus (k, q, |G B |) = (6, 8, 12) . Then by Lemmas 2.1-2.9, this is impossible. If q is odd, then k | gcd(
, 20q − 34), therefore, k | 2 · 7 · 17 · 27. However, there is no odd prime power satisfying q = Proof. Assume that (k, |G xB |, q) = (8, 7, 8) , then by Lemma 3.1, G B is conjugate to a semi-direct product of the elementary Abelian subgroup of order 8 and the cyclic subgroup of order 7, denoted by E 8 ⋊ C 7 .
Using the computer algebra system MAGMA [15] , the command PrimitiveGroup (9, 8) leads to the primitive permutation representation of the group G = P SL (2, 8) acting on the set Ω = {1, 2, . . . , 9}. The command Generators(G) returns the generators of the group G as follows: g 1 = (1, 2, 3, 4, 5, 6, 7) , g 2 = (1, 8)(2, 4)(3, 7)(5, 6), g 3 = (2, 7)(3, 6)(4, 5) (8, 9) . By employing the command Subgroups(G:OrderEqual:=56), we have that G has only one conjugacy class of subgroups of order 56, denoted by L as a representative. The command Orbits(L) shows that the two orbit of L acting on the set Ω are Ω 1 = {8} and Ω 2 = {1, 2, 3, 4, 5, 6, 7, 9}. Note that k is one orbit length of L. Take Now we deal with the remaining three parameters. First we rule out (k, |G xB |, q) = (13, 12, 13) or (12, 1, 101) . For the former, using the MAGMA command, we easily get that the primitive permutation representation of the group G = P SL(2, 13) acting on the set Ω = {1, 2, . . . , 14} and G has no conjugacy class of subgroups of order 156. For the latter, G has only one conjugacy classes of subgroups of order 12 and the possible lengths of all orbits of G B acting on Ω are 6 and 12 8 , where the notation a b means that the degree a appears b times. There are 8 possible basic blocks B 0 of designs. However, these structures are not 4-design. Now we consider (k, |G xB |, q) = (8, 1, 23). By Lemma 3.2, G B is conjugate to the dihedral group D 8 . The command PrimitiveGroup(24,1) returns the primitive permutation representation of the group G acting on the set Ω = {1, 2, . . . , 24}. The generators of the group G are listed as follows: g 1 = (1, 8)(2, 10)(3, 16)(4, 24)(5, 15)(6, 21)(7, 23)(9, 20) (11, 22 The same as before, G has only one conjugacy class of subgroups of order 8 and all the orbits of G B acting on the set Ω are listed as follows: Ω 1 = {1, 4, 6, 8, 17, 19, 21, 24} , Ω 2 = {2, 9, 10, 11, 13, 18, 20, 22}, Ω 3 = {3, 5, 7, 12, 14, 15, 16, 23}. First take B 0 = Ω 1 as a possible basic block of a design. However, the structure is not 4-design. Now take B 0 = Ω 2 or Ω 3 as a possible basic block of a design, then we construct two flag-transitive 4-(24, 8, 5) design D 1 and D 2 . By [16] , the GAP-command IsIsomorphicBlockDesign(D 1 , D 2 ) shows that both designs are isomorphic.
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